THE STRUCTURE OF GELFAND-LEVITAN-MARCHENKO 
TYPE EQUATIONS FOR DELSARTE TRANSMUTATION 
OPERATORS OF LINEAR MULTI-DIMENSIONAL 
DIFFERENTIAL OPERATORS AND OPERATOR PENCILS. 

PART 1. 

J. GOLENIA, A.K. PRYKARPATSKY, AND Y.A. PRYKARPATSKY 

Abstract. An analog of Gelfand-Levitan-Marchenko integral equations for 
multi- dimensional Delsarte transmutation operators is constructed by means 
of studying their differential-geometric structure based on the classical La- 
grange identity for a formally conjugated pair of differential operators. An 
extension of the method for the case of affine pencils of differential operators 
is suggested. 



1. Introduction 

Consider the Hilbert space H = L2(M. m ;C N ), m,N £ Z + , and the correspond- 
ingly conjugated pair H* x H on which one can define the natural scalar product 

(1.1) (</?, tp) — J dx < ip,tp >:— J dxip 1 (x)ip(x), 

where (ip, iJj) E H* x H, the sign " — " means the complex conjugation and the sign 
" j " means the standard matrix transposition. Take also two linear densely defined 
differential operators L and L :Tt — > H and some two closed functional subspaces 
Ho and Ho C H- , where H- is the negative Hilbert space from a Gclfand triple 

(1.2) H+CHCH- 

of the correspondingly Hilbert-Schmidt rigged [19, 1] Hilbert space H. We will use 
further the following definition. 

Definition 1.1. (see J. Delsarte and J. Lions [2, 3] ). A linear invertible operator 
fi, defined on H and acting from Ho onto Ho, is called a Delsarte transmutation 
operator for a pair of linear differential operators L and L : H — ► H , if the following 
two conditions hold: 

• the operator CI and its inverse are continuous in H; 

• the operator identity 

(1.3) Lfl = flL 
is satisfied. 
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Such transmutation operators were for the first time introduced in [2, 3] for 
the case of one-dimensional differential operators. In particular, for the Sturm- 
Liouville and Dirac operators the complete structure of the corresponding Delsarte 
transmutation operators was described in [5, 4], where also the extensive appli- 
cations to spectral theory were done. As was shown in [5, 6, 4], for the case 
of one-dimensional differential operators an important role in theory of Delsarte 
transmutation operators is played by special integral Gelfand-Levitan-Marchcnko 
(GLM) equations [17, 4, 5], whose solutions are exactly kernels of the correspond- 
ing Delsarte transmutation operators. Some results for two-dimensional Dirac and 
Laplace type operators, were also obtained in [15, 6] . 

In the present work, based on results of [10, 8, 11, 9], we shall construct for a 
pair of multi-dimensional differential operators acting in a Hilbert space H a special 
pair of conjugated Delsarte transmutation operators fl + and f2 in H and a pair 
SI® and $7® in H* parametrized by two pairs of closed subspaces Ho, Ho C H- 
and Hq, HI CH*_, such that the operators * := fi^fi. - 1 from H to H and 
*® := Slf^Sl® - 1 from H* to H* are ones of Hilbcrt-Shmidt type, thereby 
determining via the equalities 

(1.4) fi+(l + *)=n_, Sl®{l + <f>®) = Sl® 

the corresponding analogs of GLM-equations, taking into account that supports 
of both kernels of integral operators f2 + ,J7_ and SI® , SI® are correspondingly 
disjoint. Moreover, the following important expressions 

(1.5) SI+LSI+ 1 = L = SI_LSIZ 1 , 

(1 + *)L = L(l + *), (1 + *®)L* = L*(1 + *®) 

hold. As in the classical case [4, 5, 17], the solutions to this GLM-equation also 
give rise to kernels of the corresponding Delsarte transmutation operators Sl± in 
H, that are very important [1, 18] for diverse applications. 

Another trend of this work is related with a similar problem of constructing Del- 
sarte transmutation operators and corresponding integral GLM-equations for affinc 
pencils of linear multi-dimensional differential operators in H, having important 
applications, in particular, for the inverse spectral problem and feedback control 
theory [7]. 

2. Generalized Lagrangian identity, its differential-geometric 
structure and delsarte transmutation operators 

Consider a multi-dimensional differential operator L : H — ► H of order n(L) G 
Z+: 

Q\ a \ 

(2-1) L(x;d):= £ a a (x) — , 

M=o 

defined on a dense subspace D(L) C H, where, as usually, one assumes that coef- 
ficients a a e S(R m ;EndC N ), a £ Z™ is a multi-index, |a| = 0,n(L), and x e R"\ 
The formally conjugated to (2.1) operator L* : H* — ► H* is of the form 

(2-2) L*(x;d):= £ (-l)H (— • a a (x)), 

|a|=0 
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x G M m and the dot " • " above means the usual composition of operators. 

Subject to the standard semilinear form < ■, ■ > on C N x C N one can write down 
easily the following generalized Lagrangian identity: 

m 3 

(2.3) <L>,V> - <^^>-E(- 1 ) t+1 ^ Z iMl 



where for any pair (tp,ip) G TL* x TL expressions Zi[ip,ip], i = l,m, being semi- 
linear on TL* x TL. Having now multiplied (2.3) by the oriented Lebesgue measure 
dx := A dx j , we easily get that 

.7=1, m 

(2.4) [< L*<p, i> > - < ip, LtP >}dx = dZ {m -^ [ip, V], 
where 

m 

(2.5) Z (m ~^[(p, ip] := cfei A dx 2 A ... A dxi-i A Zj[<^, ip]dx i+1 A ... A dx m 

i=l 

is a (to — l)-diffcrential form [12, 13] on M. m with meanings in C. 

Assume now that a pair (ip, ip) G TLq x TLo G HI x where, by definition, 

Ho:=WOeW-:£^) = 0, VKOIr = 0, € G E C C }, 
[Z - 0) H* := Mr?) G H*_ : LVfa) = 0, ^)|r = 0, ») € S C C} 

with £ G C p being some "spectral" parameter space, T C M m being some (to — 
l)-dimcnsional hypersurface piece- wise smoothly imbedded into M m , and TL*_ D 
TL*, TL- D TL, being as before the correspondingly Hilbcrt-Schmidt rigged [1, 19, 
17] Hilbert spaces, containing so called generalized eigenfunctions of the operators 
L* and L. Thereby, for any pair (<p, ip) G TLq x TLq one gets from (2.4) that the 
differential to — 1-form Z^ m ~^\ip, ip] is closed in the Grassmann algebra A(M m ; C). 
As a result from the Poincare lemma [12, 13], one finds that there exists an (to — 2)- 
differential form Q( ro " 2 ) [tp, ip] G A m - 2 (R m ; C), semi-lincarly depending on TL*q x TL , 
such that 

(2.7) Z( m - I \ l p,ip]=drt m -V[<p,ip}. 

Making use now of the expression (2.7), we can get due to the Stokes theorem 
[12, 13], that 

(2.8) r CT ( m _ 2) [^ipm - ^ {m - 2) [<p(v)MQ] ■= 

for all (r/,£) G ExS, where an (n— l)-dimensional hypersurface 5+ (cri" 1 " 2 ', cri™~ 2 ^) G 
M. m with the boundary dS+ (a x m 2 ^ , cri™ 2 ' ) = a x m ^ — ci™ 2 ' is defined as a 
film spanned in some way between two (to — 2)-dimensional homological nonintcr- 
secting each other cycles a x m 2 ^ and o4™ 2 ^ C R m , parametrized, correspondingly, 
by some arbitrary but fixed points x and xq G M. m . The quantities ^(to £) and 
I(I (^,^), (»?, G S x S, obtained above have to be considered naturally as the 
corresponding kernels [1, 16, 17] of bounded Hilbert-Schmidt type integral opera- 
tors Cl x ,£l Xo : H — > H, where H := L^i^-.C) is a Hilbert space of functions on 
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S measurable with respect to a finite Borel measure p on Borcl subsets of E, and 
satisfying the following weak regularity condition 

(2.9) lim x ^ x Mv,0} = n xo {v,0 

for any pair (^), </>(£)) e x W , fa,0 e E x E. 

Now we are, similarly to results of [8, 10, 11], in a position to construct the 
corresponding pair of spaces Hq and H C H, related with a Delsarte transformed 
linear differential operator L : H — ► TL and its conjugated expression L* : TL* — ► 

n*, 

n & ai«i 

(2.10) L(x;fl):= ^ Sa^)^, 

l«|=0 



with coefficients 5 Q G S{W n : EndC N ), a G Z™ is a multi-index, |a| = 0,n(L), 
x G R m , under the condition n(L) = n(L) G Z + be fixed. Namely, let closed 
subspaces Hq c W* and 7Y C 7Y_ be defined as 

Ho := {V>(0 G W_ : </>(£) = ^(0 ■ ^s 05 

r2 , n (vfa), iKO) e H* x Ho, Me2x E}, 

( ■ ) H* := {£(!,) G HI : pfa) = • ft®'"^®, 

Here, similarly to (2.8), we defined the kernels of bounded invertible integral oper- 
ators nf and nf :H — ► H as follows: 

= / ff(ra _ a) n( m - 2 )'T[ v (rj),v(0] - J>-» ) ^ (ro - 2) - T b(r?),V(0] 
: =n®(»7,0-n? (»?,0 

for all (»?,£) G E x E, where homological (to — 2)-cycles a x m ^ and cri™ 2 ^ C M m 
are the same as taken above. Thereby, making use of the classical method of 
variation of constants as in [10, 9, 8], one gets easily from (2.11) that for any 

Kr?),V(0)e«5xWo, MeExE, 

(2.12) $(0 = n+v(0, = 

where integral expressions 
(2.13) 

O? := 1 - / E rfp(0 / 2 dp^^^Ofj" 1 ^, ??) Xs +((7 (m- a ) 

are bounded Delsarte transmutation operators of Volterra type defined, correspond- 
ingly, on the whole spaces TL and TL* . 

Now, based on operator expressions (2.13) and the definition (1.3), one gets 
easily the expressions for Delsarte transformed operators L and L* : 



L = si+lsi^ 1 = l + l]si 



(2 ' 14) L* = sifLSif- 1 = l* + [si®, L*]fi®' _1 . 

Note also here that the transformations like (2.12) were for one-dimensional case 
in detail studied in [4, 17, 5]. They satisfy evidently the following easily found 
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conditions: 

(2.15) L^^O, L*<p = 

for any pair r/>) & Hq x 7tC , which can be specified by constraints 

(2.16) $|f = <>, ^|f. =0 

for some hypersurface T C R m , related with the previously chosen hypersurface T 
C M m and the homological pair of (m — 2)-dimensional cycles cr£ m— 2 - ) and cri™ -2 ^ 
C M m . Thereby, the closed subspaces Ho and 7Yq can be re-defined similarly to 
(2.6) : 

(217] H :={€)eH-:^(0 = 0, ^(Olf = 0, £ G E C CP}, 

k " j Wo == irtv) G W* : L*ip(r)) = 0, £fa)| f = 0, rj G E C C^} 

Moreover, the following lemma, based on a pseudo-differential operators technique 
from [1, 17, 9] , holds. 

Lemma 2.1. TTie Delsarte transformed operators (2.13) by means of transmutation 
operators (2.12) are differential too if the starting operator L : H — ► H was taken 
differential. 

As a simple consequence of the structure of the constructed above Delsarte trans- 
formed operators (2.13) one states that for any pair (ip, -ip) G Hq x Ho- The following 
differential forms equality holds: 

(2.18) Z^-^foij)] = dVL {m - 2 \(p,^l 

where, by definition, a pair (ip, -ip) G Hq x Ho is fixed and the equality 

(2.19) (< L*ip, $ > - < ip, Lip >) dx = dZ( m -V [ip, ij>] 

holds. The equality (2.17) makes it possible to construct the corresponding kernels 

, 9 ... ^(r?,o := i^m-v fo m -*nmM)], 

of bounded integral invertible Hilbert-Schmidt operators Q x ,Q Xo : H — » H, and 
corresponding kernels 

tof (v,Z) ■= &™- 2 ^[ip(v)M)] 

of bounded integral invertible Hilbert-Schmidt operators Cl x , fl Xo : H* — > H*. Then 
the following equalities hold for all mutually related pairs (<p, ip) G Hq x Ho and 
(ip, ^)eH* xH : 

(9 99] 1>(0 = 1>(Z)-n- 1 fi X0 , 

where (r],t;) G E x E. Thus, based on the symmetry property between relations 
(2.10) and (2.21), one easily finds from expression (2.22), that expressions 
(2.23) 

fi; 1 :=i-/ E dp(0/ E dp(»7M0«^^ 

- (m-l),T 
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for some homological (m — 2)-dimensional cycles a^" l ^ 2 \ a^' 2 ^ C K m are inverse 
to (2.14) Delsarte transmutation integral operators of Volterra type, satisfying the 
following relationships: 

(2.24) v(o = n+ ■ ft*) = ^r 1 • m 

for all arbitrary but fixed pairs of functions (<f(ri), G x ^o and {fp{n), tp(£,)) € 

Hq x Ho, (f?>£) G S x S. Thus, one can formulate the following characterizing the 
constructed Delsarte transmutation operators theorem. 

Theorem 2.2. Let a matrix multi- dimensional differential operator (2.1) acting in 
a Hilbert space Ti = L2(K. m ;C N ) and its formally adjoint operator (2.2) acting in 
a Hilbert space H* = L^M 7 ™; C N ), possess, correspondingly, a pair of closed spaces 
Ho and Hq (2.6) of their generalized kernel eigenf unctions parametrized by some 
set E C C p . Then there exist bounded invertible Delsarte transmutation integral 
operators : H — ► H and fi® : H* — ► H* , such that for this pair (Ho,Hq) 
(2.6) of closed subspaces (2.6) and their dual ones (2.17) the corresponding bounded 
invertible mappings (2.13) 1~2 + : Ho — > Ho and SI® : Hq — ► Hq are compatibly 
defined. Moreover, the operator expressions (2.14) are also differential, acting in 
the corresponding spaces H and H* . 

The revealed above structure of the Delsarte transmutation operators (2.13) 
makes it possible to understand more deeply their properties by means of deriving 
new integral equations being multi-dimensional analogs of the well known Gelfand- 
Levitan-Marchenko equations [4, 5, 17, 6], that will be a topic of the next chapter. 

3. Multi-dimensional Gelfand-Levitan-Marchenko type integral 

equations 

Investigating the inverse scattering problem for a three-dimensional perturbed 
Laplace operator 

(3.1) L{x . d) = -j2^ ?+q { x ), 

with q e Wi(R 3 ), x e R 3 , in the Hilbert space H = L 2 (M 3 ;C), L.D. Faddeev in 
[15] has suggested some approach to studying the structure of the corresponding 
Delsarte transmutation operators f2 7 : H — > H of Volterra type, based on a priori 
chosen hypersurfaces = {y £ M 3 :< y — x, ±7 > > 0}, parametrized by unity 
vectors 7 6 § 2 , where S 2 C M 3 is the standard two-dimensional sphere imbedded 
into M 3 . Making use of these Delsarte transmutation operators of Volterra type, 
in [15] there was derived some three-dimensional analog of the integral GLM- 
equation, whose solution gives rise to the kernel of the corresponding Delsarte 
transmutation operator for (3.1) . But the important two problems related with this 
approach were not discussed in detail: the first one concerns the question whether 
the Delsarte transformed operator L = Q 1 LCl~ 1 is also a differential operator 
of Laplace type, and the second one concerns the question of existing Delsarte 
transmutation operators in the Faddeev form. 

Below we will study our multi-dimensional Delsarte transmutation operators 
(2.14), parametrized by a hypersurface S+(ax n 2 \cri™ 2 ^) piecewise smoothly 
imbedded into W n . 
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Consider now some (to — 2)-dimensional homological cycles ai" 1 2 ' and ci™ 2 ^ C 
R m and two (to — l)-dimensional smooth hypersurfaces 

5+ (a(— 2 ) , 2 ) ) , 5_ (ai— 2 ) , 4™- 2 ) ) 

spanned between them in such a way that the whole hypersurface S + (cri m ~ 2 ^ , o4™~ 2 ^ ) 
UiS-^i" 1 2 \cri™ 2 ' ) ) is closed. Then similarly to the construction of Chapter 3 
one can naturally define two pairs of Delsarte transmutation operators for a given 
pair of multi-dimensional differential operators (2.1) and (2.9), namely operators 
ft+ : n ^ H, n® : U* ^ n*, defined by (2.13), and operators ft® : H* ^ H*, 
n®:H*^H* 7 where, by definition, 
(3.2) 

ft : = i - / E rf P (0 / E dp( v MZ)n-te, v ) J s { ^ CT < m - 2)) z^- 1 )^), •], 

ft® := 1 - / E dp(0 / E rfp^^^ft®." 1 ^, r?) / 5 _ (CT < m - 2) °( ? _ a)) Z^-D.TI, </>(£)] 

Subject to the Delsarte transmutation operators (2.12) ) and (3.2) the following 
operator relationships 

Z = ft ± Lft ± \ ft^L^ft®' -1 = L* 

hold. As in theory of classical GLM-equations [4, 5, 17], we can now construct linear 
integral operators of Fredholm type * : H — > H, *® : Tt* — > H* of Fredholm type, 
such that 

(3.3) l + S^ft; 1 ft_, i + *® : =n® ,_1 -n® 

Making use of the expressions (3.3), one easily gets a pair of linear integral GLM- 
equations: 

(3.4) n+-(i + *) = n_, ft® • (i + *®) - ft®, 

whose solution is a pair of the corresponding Volterra type kernels for the Delsarte 
transmutation operators ft+ and ft®. Thus, the problem of constructing Delsarte 
transmutation operators for a given pair of differential operators (2.1) and (2.9) 
is reduced to that of describing a suitable class of linear Fredholm type operators 
(3.3) in the Hilbert space H, satisfying the following natural conditions: operators 
(1 + *) : H — > H and (1 + *®) : TL* — > H* are onto, bounded and invertible 
and, moreover, 

(3.5) (1 + *)L = L{\ + *), (1 + *®)L* = L*(1 + *®) 

due to (3.4) and (2.13) . This problem is very important for the theory devised 
here could be effectively applied to studying diverse spectral properties of a given 
pair of Delsarte transformed differential operators (2.1) and (2.9) and is planned to 
be studied in detail in another place. 

4. The structure of Delsarte transmutation operators for affine 
pencils of multidimensional differential expressions 

Consider in the Hilbert space 7i = L2QSJ n ;C N ) an affine polynomial in A 6 C 
pencil of multi-dimensional differential operators 

r(L) 

(4.1) L(x;d\X) :=^2x%(x;d), 

i=0 
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where x G R m , ordLi(x;d) = m G Z+, i = l,r(L), the order r(L) G Z + is fixed 
and 

Q\a t \ 

(4-2) ^8):= ]T a ^ X ^ 

|a 4 |=0 

are differential expressions with smooth coefficients a, iQi G <S(R m ; EndC N ), i = 
l,r(L). The pencil (4.1) can be, in particular, characterized by its spectrum 

(4.3) a(L) = {A G C : 3 ip(x; A) G Tt-, L(x; d\X)ip(x; A) = 0}. 

As was demonstrated in [7]. the transformations of pencil (4.1) which preserve 
a part of the spectrum <j(L) and simultaneously change in a prescribed way the 
rest of the spectrum (so called an assignment spectrum problem [7] ) are of very 
importance for feedback control theory and its applications in different fields of 
mechanics. 

We will try here to interpret these "spectrum assignment" transformations as 
ones of Delsartc transmutation type, satisfying some additional special conditions. 
Thus, we look for such a transformation ft : Tt — > Tt of the pencil (4.1) into a 
similar pencil 

(4.4) L&dW^j^XLi&d), Li(x;d) := ]T a^ ai (x)^- 

i=i K|=o x 



with Cbi t0li G S(R m ;EndC N ), i = l,r(L), A G C, of the same polynomial and 
differential orders, that 

(4.5) L = L+ [fi^fi" 1 = ftLft 1 . 

For such an operator ft : Tt — > Tt to be constructed, we suggest to extend 
the polynomial pencil of differential operators (4.1) to a pure differential operator 
L T := L(x; d\d/dr), x G R m , r G R, with R 3 r-independent coefficients and acting 
suitably in the parametric functional space Ttt T \ := Li(M. T ;Tt). Thereby we have 
come at the same situation, which was studied before in [11]. For completeness, we 
shall deliver here a short derivation of the corresponding affine expression for the 
Delsarte transmutation operator fl : Tt — ► Tt. 

Let a pair of functions (ip^,ip^) G Wj^N x Tt( T ) be arbitrary and consider the 
following semi-linear scalar form on s x Tt( T ) : 

(4.6) ((^ (T) ,V (T) ) := / dr dxiplJx)*/) {r) (x) . 

Then subject to the internal semi- linear form < •, • > on C^xC* one can write 
down for the operator L( r ) : Tt( T ) — ► W( r ) and any pair ((p^,ip^) G x Tt( T ) 
the following Lagrangian identity: 

(4.7) < i( T) V(r)i V'(r) > - < <P{T)i L (T)i>( T ) > dr A dx = dZ^* [ip, ip] , 

where zffi[ip,i>] G A m (R T x R m ;C) is the corresponding differential to- form with 
values in C, parametrically depending on r G R. Thus, for defining the closed 



GELFAND-LEVITAN-MARCHENKO TYPE EQUATIONS 



9 



subspaces W* T ) C W* r ^ _ one can write down, correspondingly, the following ex- 
pressions: 

W(r),0 ~ {^( T )(0 G W(r),- = i(r)^(r)(0 = «. 

r , s , tgR, V (T) (Olr = 0, £e£cC}, 

1 J W( T) ,o : = tewfaXe w* T) ._ : i^^W = 0, 

reK, ^ (T) (»j)|r = 0, rye ScCP}, 

where T cR ra is some piecewise smooth boundary hypersurfaces in W n . Similar ex- 
pressions one can also write down for the Dclsarte transformed operator expression 
L : H( T ) — '' W( T ) : 



W( r) ,o := {^(j)(0 G W (r) _ : Z (t) V> (t) (£) 



0, 



reR, V (r) (0lf = 0, eescn 

' W( T) ,o : = ttwiv) e ^ r)> _ : L? T) *V)(.7) = 0, 

reM, £ (r) (r?)| f = 0, rye SeC}, 

where T CR 3 is some piecewise smooth boundary hypersurface in M. m . 

Making use of the expressions (4.6) and (4.7), we easily find that the differential 
m-form [ip, ip] e A m (R T x M m ; C) is exact for any pair (<p, if)) e H* {r) fl x H (r)fi . 
This means due to the Poincare lemma [12, 13], that there exists a differential 
(to - l)-form fi$. m-1) [p,^] e A r "- 1 (M T x M m ;C), such that 

(4.10) Z$[<p,1;]=<Kl<r-V[<p,1>] 

for all pairs (ip^,tp^) e W? t n x H( T )fl- Now we are in a starting position for 
defining the corresponding Delsarte transmutation operators f2( T ) : H( T ). — ► ^(t),o 
andOf r) :^ r)i0 -^ r);0 : 

^(r)(0 = «(r) ' tf>(r)(0 ~ ^(r)(0 ' ^T) fi (*o,r) = 

1 • J ^(r?) = n» T) • := <P( T )(ri) ■ nf>-]nf^ T) = 

Here (^ (t) (j?), V"(r)(0) e W ( r ),o x w (r),o, f,1 £ and, due to (4.9), for kernels 
O (Xir) (r?,0, fi(xo,r)(»?,0 £ H ® H and O®^^), fif XOiT) (»7,0 e H* ® H* of 
the corresponding integral operators 0( XjT ), f2( XoT ) : H ^ H and O® ^, f2® o ^ : 
//' • //' one lias 

"^■'^W^'^'^l^ :=fi(x,T)(»7,0- n (xo,T)(»7,0. 

-lir-C^W^w^l ==nf>,r ) ('?.0-nS , T )('/,0. 

where, as before, S(a^ n 1 \<t1™ ^) c R m is a smooth hypersurface in the config- 
uration space W n , spanned between two arbitrary but fixed nonintersecting each 
other homological (to— l)-dimensional cycles C7 x m_1 ^and cri™ -1 ^ C K m , parametrized 
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by points x, xq e K m . As a result of the construction above, the Volterra type in- 
tegral operators 
(4.13) ' 

n (T) :=i-/ d P (0 / dpW^ (T) (on^ iT) K^) / ^W)^' 

and 
(4.14) 

n M :=1 -/ s " p(0 i d ^MvK-^v) X_ ( ^- a , i<r o r - a)) ^w" 1),T [^w(0] 

being bounded and invertible act, correspondingly, in the spaces W( r ) and 

Moreover, the Delsarte transformed operator Z( T ) : W( r ) — ► H( r ) can be written 
down as 



(4.15) L (r ) = rj (r) L( T )0 (r) = l (t ) + [n (T ),L( T )]n (r) , 

being, due to reasoning as in [9, 8], also a differential multi-dimensional operator 
in H( T ). 

Now we can make the drawback reduction of our r-dependent objects, recalling, 
that our operator (4.1) doesn't depend on the parameter r £ R. In particular, from 
(4.8) one can get that for any (</>(,-)(»?), </V)(£)) e W (r),o x w (r),o, £,»7 S £, 

(4-16) V (r) (0 = ^A(0e AT , <^( T) (r?) = VxW^ 

with A e <j{L) C\d{L*) and any pair (y> A (0> t'a(O) e x ^o, G 

Wo := {Va(0 G W- = £(a;;a|A)^ A (0 = 0, 
uu) M0\r = 0, (A;0e<r(I)ns(I*)xS4, 

K ' n* := W X ( V ) e H*_ : L*(x- d\\)ip x {r,) = 0, 

ip x ( v )\ T =0, (A ;t) )ea(L)n^*)xS ff }, 

where, by definition, S„ x C C S is some " spectral" set of parameters. With 
respect to the closed subspaces HoCH- and Hq C H*_ the corresponding Delsarte 
transmutation operators f2 : Tt — > and fi® : 7i* — > H* can be retrieved easily, 
making use of the expressions (4.15), substituted into (4.12) and (4.13) : 



ft := 1 



L(L)n*(L*) d Po ( A ) k a d P^ (0 Js a d />E„ (^)^A(O 

xfi-^Aj^r?)/^-,)^-^^)^^,.], 

xOfj-^A; £, v) J^-d^-D) [-, Va(0], 
where dp^ x d/O s<T is the corresponding finite Borel measure on Borel subsets of 

<t(l) nfffi'Jxs/c s, 

1 ] ip x (r,):=<p x {r,)-Slf>-iSlf , 
and due to semi-linearity, the expressions for kernels 

n x {X;^,v) ■■= Sl [x , T) [ip x e-~ XT ,i> x e x % 
(4.20) n xo [<p x ,iJ x } ■.= n {xo . T) [ l p x ee- XT ,^ x e XT }, 

Z {m) [vM ~Z$[<p x e-*T,1>xe x T], 
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don't depend on the whole on the parameter r G M T but only on (A; £) G cr(L) n 
a(L*)xT, cr . Moreover, if one to write down the differential to- form Z( m ^[ip x , ip x ] G 
A m (R T x R m ;C), (<p x (OMO) e ^ x W , e £„, as 

m 

Z^ m '[(/3 A ,-!/; A ] = ^ rfii A di 2 A ... A rfij-i A ^[^j^Jdr A A 
i=l 

(4.21) ... Adx m + Z [ip x ,ip x ]dx, 

then, due to the specially chosen (to — l)-dimensional homological cycles (cri" 1 " 1 ^ 
, ci™ -1 ^) and the corresponding closed m-dimensional surface S(a t ^ n ~ 1 \ cl™ -1 ^) = 
]R m at which rfr = 0, the differential m-forms Z^[(p x ,ip x ] G A m (R m ;C), A G 
cr(L) n a(L*), bring about the following expressions: 

(4-22) Z^ x ^ x ] = Z [^ x ]dx, 

where, by definition, for any i = 0, to 

(4-23) Zi[<Px,1>x\ ■= Z tM [ Vx e-^^ x e XT ], 

being, evidently, not dependent more on the parameter r G R but only on A G 
a(L) n a(L*). Thus due to (4.21) and (4.22) one can finally write down Delsarte 
transmutation operators (4.12) and (4.13) as the following invertible and bounded 
of Volterra type integral expressions: 

where, by definition, (<p A , ^£> A ) S TCqXTCo, ((p x ,4> x ) GHqXHo and A G o-(L)n<7(.L*). 
The operator expressions (4.24) were defined before correspondingly, on closed sub- 
spaces of generalized eigenfunctions Ho and TLq. In the case when these spaces 
are dense, correspondingly, in ambient spaces TL- and TL*_ , the operator expres- 
sions (4.24) can be naturally extended, correspondingly, upon the whole Hilbcrt 
spaces TL- and TL*_ as also invertible integral operators of Volterra type and, 
thereby, can be defined correspondingly on TL and TL* due to duality [19, 1] between 
Hilbert spaces TL- and TL+, where the latter space is dense in TL. The same way 
as in Chapter 3 above one can construct the corresponding pair (3.4) of Gelfand- 
Levitan-Marchenko integral equations for an affine polynomial pencil (4.1) of multi- 
dimensional differential operators in the Hilbert space TL. The latter note finishes 
our present analysis of the structure of Delsarte transmutation operators for pencils 
of multidimensional differential operators. Concerning their natural applications to 
the inverse spectral problem and related problems of feedback control theory men- 
tioned before, we plan to stop on them in more detail later. 
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